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Abstract

The Black-Scholes model continues to be the standard option pricing model discussed in virtually
all corporate finance and investments texts and continues to be widely used in practice. The mod-
el’s associated hedge ratio has also been widely used for hedging purposes. The associated hedge
ratio (or delta) is determined as part of calculating the Black-Scholes option value. However, the
original model assumes no dividends on the underlying stock. The model has been modified to al-
low for dividends, but the modification does not lead to values as precise as other models, such as
the Roll-Geske-Whaley model that specifically account for dividends. Empirical research has
shown that the RGW model values are closer to actual market prices than the modified Black-
Scholes values. This paper is primarily concerned with the hedge ratio. We derive an analytic so-
lution for a more accurate hedge ratio based on the RGW model. The paper is then concerned
with how large the errors are associated with using the BS approximation rather than the more
complicated model that specifically accounts for dividends. We find that although there are times
when the BS approximation can be accurate, at other times the differences can be significant.
These differences are related to the size of the dividend, the difference between the time to expira-
tion and the time to ex-dividend, the rate of interest, the stock volatility, and the degree to which
the option is in-the-money.

Introduction

he Black-Scholes hedge ratio (or "delta™) developed in conjunction with the Black-Scholes option
pricing model (See Black and Scholes (1973) and Black (1975).) is a widely recognized and applied

ratio used for hedging purposes. "Delta hedging" schemes to reduce risk are generally discussed in
detail in investment and options texts. (See Cox and Rubinstein (1985), Hull (2000), Jarrow and Turnbull (2000),
and Figlewski, Silber and Subrahmanyam (1992).) Computational routines and software are now widely available
to calculate both BS option values and the associated hedge ratio using either calculators or computers. (See Cox
and Rubinstein (1985, pp. 343-345) for a calculator program and Haugen (1997) for computer software.) Unfortu-
nately, the BS model assumes that the underlying stocks do not pay dividends. A modified form of the original BS
model has been developed to take dividends into account, however the modification is not exact. Subsequently, Roll
(1977), Geske (1979), and Whaley (1981) developed an analytic option pricing formula that specifically accounts
for dividends on the underlying stock. The RGW option values have been found by Whaley (1982) and Sterk
(1983) to more closely match actual option market prices. We derive a formula for the hedge ratio based on the
RGW option valuation model, and compare it to the deltas based on a modified BS model. The paper further ex-
plores when the BS approximating ratios can be expected to be significantly different from the theoretically more
accurate RGW-based ratio.

Readers with comments or questions are encouraged to contact the authors via email.
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Modified Black-Scholes Hedge Ratios

The Black-Scholes option-pricing model is well-known as is its associated hedge ratio. The original BS
model and associated hedge ratio are presented in equations (1) and (2) respectively.

BS=PN(d;)-X exp(-rT)N(d,) 1)
Where

BS = | The Black-Scholes option value

P = | The current stock price

X = | The exercise price

R = | The riskless rate of interest

T = | The time to expiration

N (a) = | The univariate cumulative normal density function with integral limit a

G = | The instantaneous standard deviation of the stock’s rate of return

2
g P/ X)+(r+0502)1 4y di-odT
VT

BSHR =N (d,) )

Where BSHR is the Black-Scholes hedge ratio.

The original BS model presented above assumes that early exercise is not a possibility and that the underly-
ing stock does not pay dividends. The BS model correctly values American options when the underlying stock does
not pay dividends because it will not pay to exercise the option before the maturity date. However, with dividends,
it may be beneficial to exercise early if the option is not "dividend-protected™ which is the usual case. This is due to
the drop in the stock price when it goes ex-dividend. That is, the option may be worth more dead than alive. On the
other hand, there are benefits to not exercising at the ex-dividend date. By postponing exercising, the time value of
money on the exercise price is saved. In addition, there is an insurance value to holding on to the option. Between
the ex-dividend date and the maturity date there may be a large drop in the stock price. If the option is exercised at
the ex-dividend date, the option holder now owns the stock instead and suffers the large loss. Alternatively, if exer-
cising is postponed, there would be a smaller dollar loss since the stock price fall will be larger than the call loss in
value.

The BS model has been modified to allow for dividend payments and the associated possibility of early ex-
ercise. The process calls for computing two BS values -- one assuming no early exercise and a second assuming
early exercise. The process is well-summarized by Jarrow and Turnbull (2000, pp. 255-256.) and Sharpe, Alexan-
der, and Bailey (1999, pp. 630-632). The modified BS value, MBS, is the larger of the two values, BS1 or BS2,
shown in equations (3) and (4) corresponding to no early exercise or early exercise respectively. The modified BS
model has commonly been referred to as the pseudo-American model.

BS1=S N(d;)-X exp(-rT)N(d,) ?3)
Where

S = Stock price net of escrowed dividend = P - D exp (-rt)
T =time until ex-dividend
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_In(s/X)+(r+050%)7
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and the remaining variables are as defined in (1).

d, , dy=d;—oT

BS2=S N(d;)—(X —D)exp(-rt)N(d,) (4)
Where

S=P-Dexp(-rt)

dlzln(S/(X—D)):;f(r+0.50-2)t Cbydi—odl

and the remaining variables are as defined in (1).

There are therefore two BS hedge ratios; one associated with the BS model assuming no early exercise,
BS1HR, and one assuming early exercise, BS2HR. These are shown in equations (5) and (6) respectively. The
modified BS hedge ratio, MBSHR, would then be as shown in equation (5) if BS1 is larger than BS2. If BS2 is
larger, the modified BS hedge ratio is given by equation (6).

BSIHR =N (d,) (5)
Where d; is defined in (3).

BS2HR =N (d;) (6)
Where d; is as defined in (4).

The problem with the above approach is that the probability of early exercise is generally not equal to 0 or
1 but lies somewhere in between. The further away from 0 or 1 that the actual probability of early exercise is, the
less accurate the pseudo-American option and hedge ratio values will be.

The Hedge Ratio Based on the RGW Model
The RGW option valuation model originally developed by Roll (1977), simplified by Geske (1979), and corrected

by Whaley (1981) is shown in equation (7). (The model is also discussed in Jarrow and Rudd (2000, pp. 257-58)
and Hull (2000, p. 271)

RGW =S [Nl(b1)+ Nz(al’_bl;_\/t/_T)]

~X exp (1T [Ny((by )exp (r (T )N, (25, b~ 17T 0
+a Dexp(-rt)N;(b,)

Where

RGW = the market value of an American call option
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N1 (a)
NZ(arb; 'p)

the univariate cumulative normal density function with integral limit a

the bivariate cumulative normal density function with upper integral limits a and b and correlation
coefficient -p

St* = the solution to C(S*, T-t,X) = S*, [1+ aD - X, where C(.) is the original BS value

the current stock price, net of escrowed dividend

time until expiration

exercise price

the riskless rate of interest

the variance of the rate of return on S

the dividend

the time until the ex-dividend instant

the decline in the stock price at ex-dividend as a proportion of the dividend

= |x|H|w»

QR [—(Tla

and the remaining variables are as defined in (1).
This model allows for a probability of early exercise other than only 0 or 1 and is therefore a theoretically more ac-
curate model than the modified BS model. It has also been shown by Sterk (1983) and Whaley (1982) to be more

accurate empirically. The hedge ratio associated with the RGW model, RGWHR, derived in Appendix A and
shown in equation (8) is also theoretically more accurate than the modified BS hedge ratio.

1
RGWHR =N,(b; )+ N,(a,,—b;; p)+ ——
1( 1) 2( 1 1 p) S\/Zo'{

exp [—O.Sbl2 Lexp[—O.Saf ]N —a;p-h, _exp[—O.Sbl2 ]N a, +b,p

I S B e e ®

2 [—0.5 b? ]

—a,p-h,

\ 1—,02

]exp [—0.5b22] }.

exp [—0.5a§ ]

\/T

~Xexp[-rT] exp[r(T-t)]+

N,

_exp[—O.szz]N a,+b,p | aDexp[-rt
\/_t l V1-p? \/_t

Differences between the RGW hedge ratio and the modified BS hedge ratios are investigated in the next section.

]+

Differences between the RGW and BS Hedge Ratios

One would expect the differences between the RGW hedge ratio and the BS hedge ratios to be the largest
when the probability of early exercise is further away from 0 or 1. The probability of early exercise is affected by
the size of the dividend, the time remaining between the ex-dividend date and the expiration date, the rate of interest,
the volatility of the underlying stock, and the extent to which the option is in-the-money. (See Figlewski et. al.
(1990, pp. 142-143).)
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Effect of Dividend Size

Since the motivation for early exercise is due to dividends on the underlying stock, the larger the dividend,
the larger the benefit from exercising early and the probability of doing so. To investigate the effect of the size of
the dividend on the difference between the RGW and BS hedge ratios, hedge ratios were computed for various divi-
dends. Results for a stock price of $40, exercise price of $ 45, standard deviation of 0.30, time until ex-dividend of
45 days, time until expiration of 90 days, and risk-free rate of 0.05 are shown in Figure 1.

As can be seen in Panel A of Figure 1, the original BS hedge ratio, BSIHR, which does not allow for early
exercise is accurate for a zero dividend as expected. However, as the dividend increases, and with it the probability
of early exercise, this approximation becomes very inaccurate. For large dividends the BS ratio assuming early ex-
ercise, BS2HR, is more accurate. The modified BS hedge ratio will equal the BSIHR and the RGW ratio for a zero
dividend; whereas it equals the BS2HR = RGWHR for very large dividends. The modified BSHR switches from the
BS1HR to the BS2HR at a dividend of $ 4 when the call value associated with early exercise becomes larger than
the call value associated with no early exercise. For intermediate dividend values, the modified BS hedge ratio will
be too small. The error associated with the modified BS hedge ratio approximation is the largest for a dividend of $
3.5. Here the modified BS hedge ratio will be about 0.1 as compared to a correct RGW value of approximately
0.15. Panel B of Figure 1 shows that for the $ 3.50 dividend, the BS approximation is about 30 % too low.*

Figure 1. Effect of Dividend Size on Hedge Ratios
Panel A shows the hedge ratios. Panel B shows the percentage difference between the modified Black-
Scholes hedge ratios and the Roll-Geske-Whaley hedge ratios. BS1HR is the hedge ratio assuming no early exer-

cise. BS2HR is the hedge ratio assuming early exercise. MBSHR is the hedge ratio associated with the larger
Black-Scholes option value.
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Effect of Difference betweentand T

The likelihood of early exercise decreases as the difference between the time to ex-dividend and time to
expiration increases. As this period of time increases, there is more of an opportunity cost in terms of the time value
of money forgone because the exercise price is paid earlier. Therefore, the BSIHR based on no early exercise
should be a good approximation for large t-T, and BS2HR should be a good approximation for small t-T. MBSHR
should be close to RGWHR for relatively small and large t-T. This is shown to be the case in Figure 2 where results
are shown for the same values of the variables in Figure 1, except the dividend is set at $ 1 and the time until ex-
dividend, t, is allowed to vary.

As can be seen in Figure 2, if the time between ex-dividend and expiration is only five days (t = 85 days),
and the BS hedge ratio assuming no early exercise is used, one would be using a hedge ratio which would be about
15 % too low (hedge ratio equals 0.21 instead of 0.25). However, BS2HR which assumes early exercise would be
accurate (as would also the modified BS hedge ratio). As the difference between t and T increases, the original BS
hedge ratio becomes more accurate while the BS2HR becomes less accurate. At t= 45 days the BS2HR based on
early exercise would be 30 % too low. In between, the BS approximation is less accurate. The modified BS approx-
imation error is the largest (approximately - 8 %) for a difference between the ex-dividend date and expiration date
equal to 25 days (t = 65 days ). The MBSHR switches from BS1HR to BS2HR at t = 75 days when the BS call val-
ue based on early exercise becomes larger than the call value based on no early exercise.

Effect of the Risk-free Rate of Interest

The opportunity cost associated with exercising the option early (and paying the exercise price sooner) in-
creases as the rate of interest increases. Thus, the likelihood of exercising early should decrease as the rate of inter-
est increases. The BS1HR based on no early exercise should be more accurate at high interest rates, whereas the
BS2HR based on early exercise should be more accurate at low interest rates. This is verified in Figure 3 where re-
sults are shown for a stock price equal to $ 50, exercise price of $ 45, standard deviation of 30 %, time until ex-
dividend of 45 days, time until expiration of 90 days, and dividend of $ 1.

As can be seen in Figure 3, the RGW hedge ratio is not as sensitive to the rate of interest as it is for the oth-

er variables. The MBSHR switches from the BS2HR to the BS1HR at an interest rate of 5%. This is also where
Figure 2.
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Effect of Difference between Time Until Expiration, T,

and Time Until Ex-Dividend, t, on Hedge Ratios

Panel A shows the hedge ratios. Panel B shows the percentage difference between the modified Black-Scholes

hedge ratios and the Roll-Geske-Whaley hedge ratios.

BS1HR is the hedge ratio assuming no early exercise.

BS2HR is the hedge ratio assuming early exercise. MBSHR is the hedge ratio associated with the larger Black-
Scholes option value.
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the error associated with using the modified BS approximation is maximized. At this rate, both BS approximations
have absolute errors of about 6%.

Figure 3.
Effect of Risk-Free Rate, r, on Hedge Ratios
Panel A shows the hedge ratios. Panel B shows the percentage difference between the modified Black-Scholes hedge ratios and

the Roll-Geske-Whaley hedge ratios. BS1HR is the hedge ratio assuming no early exercise. BS2HR is the hedge ratio assuming
early exercise. MBSHR is the hedge ratio associated with the larger Black-Scholes option value.
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Effect of Stock Volatility, o, on Hedge Ratios

Panel A shows the hedge ratios. Panel B shows the percentage difference between the modified Black-Scholes hedge ratios and
the Roll-Geske-Whaley hedge ratios. BS1HR is the hedge ratio assuming no early exercise. BS2HR is the hedge ratio assuming
early exercise. MBSHR is the hedge ratio associated with the larger Black-Scholes option value.
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Effect of Stock Volatility

As the stock price standard deviation increases, the insurance benefit (described in Section 1) associated
with not exercising early increases. Thus, the likelihood of early exercise should decrease as the stock volatility in-
creases, and the BS hedge ratio based on no early exercise, BSIHR, should be more accurate. The BS modification
based on early exercise, BS2HR, should be more accurate for low values of volatility. This is verified in Figure 4.

As can be seen in Figure 4, the error associated with the modified BS approximation is zero at low levels of
volatility and peaks out at about 5 % at a volatility of 40 %. At a standard deviation of 50 %, the modified BS hedge
ratio switches to the BS hedge ratio based on no early exercise and the BS1IHR then becomes fairly accurate at high
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levels of volatility.
Effect of Degree In-the-Money

The probability of exercising the option at the ex-dividend date is small if the option is currently far out-of-
the-money. As the option becomes more in-the-money, the likelihood of exercising early increases. Therefore, the
BS1HR hedge ratio should be a good approximation for relatively low stock prices, and BS2HR should be accurate
for relatively large stock prices. In between, the approximation should be less accurate. This is verified in Figure 5.

As can be seen in Figure 5, the hedge ratios are zero and one for options that are extremely out-of or in-the-
money respectively. The BS ratio assuming no early exercise is accurate for options that are extremely out-of-the-
money. As the degree of in-the-money increases, the modified BS hedge ratio switches to the BS2HR at a stock
price of $ 40 and this approximation becomes exact for options which are extremely in-the-money.? The absolute
maximum error using the modified BS approximation is slightly more than 10% at a stock price of $ 35.

Summary and Conclusions

The Black-Scholes option pricing model and its associated hedge ratio (modified to account for dividends
on the underlying stock) have received much attention in the literature and in practice. Although the RGW model,
which represents an improvement over the Black-Scholes model, has also received much attention, its associated
hedge ratio has not. We derived an analytic formula for the hedge ratio based on the RGW option pricing model.
We then sought to determine when and by how much the modified BS hedge ratios differ from the more accurate
RGW-based hedge ratio.

It was argued that the difference between the more accurate RGW hedge ratio and the modified BS hedge
ratio should be the greatest when the likelihood of early exercise is far away from zero or one. We discussed when
this would occur. Important determinants are the size of the dividend, the degree to which the option is in or out-of-
the-money, the time to ex-dividend relative to the time remaining until expiration, the volatility of the return on the
underlying stock, and the rate of interest. For certain values of these variables, the likelihood of early exercise will
be small and the modified BS hedge ratio assuming no early exercise will be accurate. At other times the likelihood
of early exercise will be large, and the modified BS approach assuming early exercise will give accurate hedge ra-
tios. In between, the modified BS approach will not be accurate. Depending on the values of the important va-
riables, the differences can be large. [

Endnotes

1. At the $ 3.50 dividend, the modified BS hedge ratio is equal to the BS1HR even though the BS2HR is more
accurate. This is because the BS call value based on no early exercise is the larger of the two call values.
The pseudo-American approach calls for selecting the larger call value and associated hedge ratio.

2. The BS approximation assuming no early exercise also eventually becomes exact, since all hedge ratios ap-
proach one for options which are extremely in-the-money.

Figure 5.
Effect of Stock Price, P, on Hedge Ratios
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Panel A shows the hedge ratios. Panel B shows the percentage difference between the modified Black-Scholes hedge ratios and
the Roll-Geske-Whaley hedge ratios. BS1HR is the hedge ratio assuming no early exercise. BS2HR is the hedge ratio assuming
early exercise. MBSHR is the hedge ratio associated with the larger Black-Scholes option value.
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Appendix A

The RGW hedge ratio, RGWHR, is derived as follows:

Equation (1) from the paper can be rewritten as:

RGW =

Where

S [Ny(by)+Ny(ay,=b;; p) ]-PV (X, T)[N;(b,) A+ Ny (ay,~b,; p)]+ B Ny(by) (A1)

a :InS—In[PV(X,T)]+O.5Gﬁ D ay=a,—oVT

1

oJT

bl:InS—In[PV(S:,t)LOlSG\/E : b2=bl—0'\/f

PV(X,T)=Xexp(-rT) ; Pv(sf,t)zsfexp(—rt) L op=—|—

ot

Jor

- jl f(z)dz ; f(z):iexp(—O.S 22)

N,(a,b;p)= Ijh(u,v;p)dudv

—00—00
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(u2—2p u v+v2)

h(u,v;p)=——— expl—
270y 1— p? 2(1-p?)

A=exp[r(T-t)] ; B=aDexp(-rt).

]

The RGW hedge ratio is the partial derivative of the RGW call value with respect to S.

RGWHR = KW _ N, (b )+N,( a, b, ;p)
: : (A2)
+S[5N1(b1)+aN2( a,—h :P)]_PV(X,-l—)["?”\‘l(bz)AJr 5N2( ay,—by 'P)]JrBaNl(bz)
oS S oS oS oS
To evaluate the above expression, use the following:
aNl(b)zaNl(b)ab_f(b)a_b . bbb, 0]

S b oS oS

from the fundamental theorem of calculus which states that the derivative of a definite integral with respect to its
upper limit is equal to the integrand evaluated at the upper limit.

Np(a,~b;p) _ aNy( a,—b;p)@+aN2( a,—b;p)a(-b)

S da oS a(-b) S
a=a;,a, ; b=b,b, (i)
Where
AN, ( a,—b;p):exp( —0.5a2)N —ap-b (i)
oa [ 27 ! ,1—,02
oN,(a,-b;p) exp( —05b2 )N a+bp )
- 1
o(-b) \ 27 J1-p?
oa_ 1 C b)) -1 W)
S SodT = B SoNT

The proof of (iii) and (iv) is as follows:

N,(a,bip) o ¢ ¢ _
ZT_a[I[Jh(u,v,p)du]dV]

—00 —00

Where
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u?—2puv+v?

h(u,V:p):ﬁ@(p[_o's{TH

Again by the fundamental theorem of calculus

b 2 2
exp[_o,5[mJ] i
1

N, _ j‘h(u,a;p)du=J.

1
da 027 1—,02

Now
(u-ap) =u®-2pua+a®p®+a?-a’*=u’-2pua+a’ —az(l—pz).
Therefore,

(u-ap)? vl u?-2p ua+a?
J1-p? 1-p?

Therefore,

6N2_'T

1
da __w27zw/1—p
exp[ 05a ]

B iy

exp[-0.5 (——2_ [ 0.5a2]du

)?1exp
\/_
exp[- 05( )21 du.

\/1 p?

Let
u-ap

du
; dz=—.
1/1 p 1[1—p2

Changing variables from u to z,

N, exp[ 05a = 5 exp[—O.Saz] b-ap
= exp[—0.5 z°]dz= N, ( ).
oa N2z Vor N2z J1-p?

The expression N, (a,b ;p) is exactly symmetrical in a and b, hence

oN, exp [—O.sz]
b Jor

a-bp
N l—p2

Finally, to get the required results, substitute - b for b.

Ny ( ).
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Substituting equations i through v into equation A-2 gives

RGWHR = N, (b, )+ N,(a;,~b;; p)

1 »1, 1 exp[—O.Saf] —ajp-b. 1
S -0.5hb N
+5( o[ -0507 |+ FHL R L F
exp [—O.Sbl2 ]N a +bp. -1
+ \/Z l( ,—1_p2 )(Sg\/f)}

2
—Xexp [—fT]{Ziexp[—O-%z2 ](eXp[r(T_t)])+ex'°[‘°-5az ]Nl —a,p-by, 1

Jor Soalt Jor [1-p? SoT
exp |-0.5b2 a, +b -1
. p[J— e 2
2n fl—p Sovt
1 ;101
+aDexp|-rt exp|-0.5b; |)——.
plrtlp—eo[ om0 )
This simplifies somewhat to equation A-3.
1
RGWHR = N,(b, )+ N,(a,,—b; p)+
1( 1) 2( 170 P) S\/Za{
s| &P [—0.5b12]+exp[—0.5a12]N —a;p-h, _exp[—O.Sbf]N a, +b,p
\/_t \/T ! /1—,02 \/_t ! /1—,02 (A-3)

: 2
- X eXp[_rT][%Ot'S%]exp[l’(T —t) ]+ eXp[_(?r'5a2 ]Nl(azpsz

\ 1—,02
_exp[:/%5b22 ]Nl{aszzf]ﬁa De)i/p_t[_rt]EXp[—O.szz] )
vi=p

Notes
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